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ABSTRACT Molecular dynamics simulations of a simple, bead-spring model of semiflexible polyelectrolytes such as DNA
are performed. All charges are explicitly treated. Starting from extended, noncondensed conformations, condensed struc-
tures form in the simulations with tetravalent or trivalent counterions. No condensates form or are stable for divalent
counterions. The mechanism by which condensates form is described. Briefly, condensation occurs because electrostatic
interactions dominate entropy, and the favored coulombic structure is a charge-ordered state. Condensation is a generic
phenomenon and occurs for a variety of polyelectrolyte parameters. Toroids and rods are the condensate structures. Toroids
form preferentially when the molecular stiffness is sufficiently strong.
INTRODUCTION
The high degree of packing necessary to package DNA into
cells is well known (Bloomfield, 1996). Typically, DNA is
orders of magnitude longer than any dimension of the cell in
which it resides. Since DNA is a highly charged polyelec-
trolyte, packing DNA into a small volume requires over-
coming an enormous Coulomb barrier. It is only partially
understood how this can occur. This article treats the gen-
eral case of condensing highly charged, semiflexible poly-
electrolytes by multivalent ions. The prime example is fit-
ting of DNA into a bacteriophage’s capsid, since
bacteriophages are simple systems that do not possess con-
densing proteins (histones) present in eukaryotic cells.
The purpose of this work is to demonstrate that electro-
static interactions provide a general mechanism to condense
semiflexible polyelectrolytes such as DNA. It is well known
experimentally that multivalent ions can condense DNA
into toroids and rods (Bloomfield, 1996, 1991; Klein-
schmidt et al., 1962; Fang and Hoh, 1998). Although these
experiments have yielded many important clues to the im-
portant interactions in DNA condensation, understanding of
these interactions remains incomplete. The key issue is how
the net electrostatic interaction between like charged mono-
mers changes from repulsive to attractive. For, as long as
the net interaction is repulsive, the polyelectrolyte cannot
condense.
Condensation is directly demonstrated for semiflexible
polyelectrolytes such as DNA with multivalent counterions,
using molecular dynamics simulations of simple, model
polyelectrolytes. Once condensation is demonstrated, the
nature of the condensates and the condensation process are
investigated. How multivalent ions can overcome the large
Coulomb repulsion between the charged monomers is ex-
plained. The subtle competition between electrostatic inter-
actions and entropy is noted in the failure of divalent counter-
ions yielding condensates. The effect of molecular stiffness
on the condensate structure is also treated.
Background
A net attraction between like-charged macroions is some-
what counterintuitive, but it is known to occur in certain
circumstances (Lyubartsev and Nordenskio¨ld, 1995; Kjel-
lander and Marc˘elja, 1984; Stevens and Robbins, 1990).
Calculations of electrostatic interactions involving multiva-
lent ions are difficult. The traditional approximations, such
as Debye-Hu¨ckel and Poisson-Boltzmann (PB), break down
in these circumstances (Kjellander and Marc˘elja, 1984;
Stevens and Robbins, 1990). These approximations are
valid primarily for Coulomb interactions weak in compari-
son with kBT, where kB is the Boltzmann constant and T is
the temperature. This is not true for DNA and becomes even
less true in the presence of multivalent ions. Both of these
theories can only yield repulsive interactions between chain
segments (Neu, 1999; Sader and Chan, 1999). Thus, no
condensation can occur.
Treatment of the complex interactions for highly charged
macroions of simple geometry (e.g., plates, cylinders) has
been developed (Kjellander and Marc˘elja, 1984; Stevens
and Robbins 1990; Ha and Liu, 1997). A short-range attrac-
tion between two macroions is possible and understood.
DNA is often treated as a charged cylinder. Simulations
have found attraction between charged cylinders (Grøn-
bech-Jensen et al., 1997; Lyubartsev and Nordenskio¨ld,
1995) and stiff polyelectrolytes (Stevens, 1999) in the pres-
ence of multivalent ions. This attraction has been ascribed to
correlated fluctuations of the counterions (Ha and Liu,
1997; Ray and Manning, 1994). Ha and Liu (1997) devel-
oped an internally consistent field theory for systems of
parallel, charged cylinders. Their theory shows that con-
densed counterions induce charge fluctuations along the
rods, giving rise to attractive interactions. Self-attraction in
flexible polyelectrolytes has also been shown to occur
(Stevens and Kremer, 1995; Schiessel and Pincus, 1998;
Brilliantov et al., 1998). Brilliantov et al. (1998) showed
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that flexible polyelectrolytes can collapse for strong Cou-
lomb interactions, using an extension to polymers of density
functional theory methods (Stevens and Robbins, 1990).
This is in agreement with earlier simulations (Stevens and
Kremer, 1995).
A important phenomenon for highly charged polyelectro-
lytes such as DNA is counterion condensation (Manning,
1969; Oosawa, 1971). For a sufficiently charged polyelec-
trolyte, some of the counterions become effectively bound.
Manning’s solution of the Debye-Hu¨ckel equation shows
that when the ratio of the Bjerrum length,  to the charge
separation distance, a is greater than one, then enough
counterions condense onto the polyelectrolyte in order to
reduce the effective ratio   /a to be equal to 1. Coun-
terion condensation occurs for all highly charged polyelec-
trolytes, including DNA, independent of the counterion
valence. Thus, condensation of the polyelectrolyte requires
more than counterion condensation.
THEORY
A simple description of the physical source for the attractive interactions
can be given in terms of the one-component plasma (OCP), which consists
of a single charged species in a uniform neutralizing background (Baus and
Hansen, 1980). The OCP can be described in terms of a single parameter,
 /ap , (1)
where ap is the average interparticle separation, defined in terms of the
density, , as ap  3/(4)1/3. The OCP parameter  is similar to the
quantity ; the difference is that OCP refers to a three-dimensional system
and  to a one-dimensional system. Physically, the parameters  and 
define the relative strength of the typical Coulomb pair interaction to the
entropic interaction. When either quantity is greater than one such as when
counterion condensation occurs, the Coulomb interactions dominate the
entropic interactions. Small  is equivalent to low density. Fig. 1 gives the
normalized pressure, P*  3/kBT vs.  The OCP pressure becomes the
ideal gas law at small ,
P* 3  . (2)
In this regime the PB approximation is valid, because entropy is the
dominant interaction. As Fig. 1 shows, at   1, the PB approximation
breaks down; the pressure calculated in the PB approximation significantly
deviates from the correct value. Furthermore, the PB pressure is always
positive (Neu, 1999; Sader and Chan, 1999).
As  increases, the Coulomb interactions become more dominant, until
at   3.09 a mechanical instability occurs. Because the equilibrium
Coulomb energy is negative and decreasing the volume brings the particles
closer together, the Coulomb energy decreases with decreasing volume.
Minimizing just the Coulomb interactions would collapse the system. At
lower , sufficiently strong entropic interactions stabilize the system.
However, at   3.09, entropy cannot stop the volume decreasing, and the
system will shrink until steric repulsions stop the contraction. In polyelec-
trolytes, this instability is related to counterion condensation (Stevens and
Robbins, 1990). If   4.1 can be reached without steric repulsion
occurring, then the pressure is negative and the system has a global (self)
attraction. For much higher , the system undergoes a phase transition
much like an ionic crystal such as NaCl. A single polyelectrolyte can
collapse due to this global attraction, if the equivalent  achieves these
large values. In this picture, DNA condensation is a result of the Coulomb
interactions being sufficient strong (large ) that they dominate entropic
interactions and can achieve a charged-ordered state that has the lowest
Coulomb energy. In macroion systems, the signature for this transition is
that the equilibrium charge distribution becomes highly correlated with
alternating negative and positive charges.
DNA condensation typically occurs for counterion valences of 3 or
larger. The importance of multivalency is that it increases the magnitude of
the Coulomb interactions. In the OCP picture (Stevens and Robbins, 1990;
Stevens et al., 1996) the Bjerrum length is written
  zc2e2/kBT, (3)
where zc is the counterion valence and  is the dielectric constant of water.
Thus, trivalent counterions increase the Bjerrum length by a factor of 9.
This enables the net attraction to occur before the steric repulsion enters.
For monovalent and divalent ions, the Coulomb interactions are not strong
enough to counter entropic effects. Thus, condensates do not form for low
valence counterions.
A simple calculation of  for polyelectrolyte collapse produces a rather
reasonable number despite some strong simplifications (cf. Brilliantov et
al., 1998). In this calculation,  is calculated based on the condensed
counterion volume. The density of condensed counterions involves just the
volume near the polyelectrolyte. The volume can be estimated to be a
cylinder about the polyelectrolyte with a diameter containing counterions
within a single counterion diameter of the polyelectrolyte. For zc 	 3, the
simulations show this is a good estimate of the volume. Writing the
polyelectrolyte radius as R and the counterion diameter as d, then the
volume is V  (R  d)2L. The polyelectrolyte length is L  (N  1)a,
where N is the number of charged monomers and a is the charge monomer
separation distance. Taking all counterions as condensed, then the coun-
terion density is
 
N/zc
4R
 d2N 1a 4R
 d
2azc1. (4)
Then,
 /3R
 d2azc1/3. (5)
Using   7.1 Å, R  10 Å, d  4 Å, and a  1.7 Å, one obtains   7.1
for zc  4 and   2.0 for zc  2. For zc  2, the condensed counterion
volume may in fact be larger, but this just reduces  further. Thus,
FIGURE 1 The pressure for the one-component plasma (OCP) as a
function of the parameter   /ap, where  is the Bjerrum length and ap
is the average interparticle spacing. The dotted line gives the pressure
calculated in the PB approximation. The pressure is calculated from the
free energy given in Brami et al. (1979), which was fitted to a combination
of Monte Carlo data and hypernetted chain calculations.
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tetravalent counterions are in the attractive regime, but divalent ions are
just in the counterion condensation regime.
Using molecular dynamics simulations, no approximations are neces-
sary as in analytic calculations. The interactions necessary for condensation
can be conclusively determined. In addition, other useful information about
these interactions is obtained. Because the persistence length of DNA is
large, the polymer lengths that can be studied are smaller than in DNA. The
simulations will treat several model polyelectrolytes that otherwise have
physical parameters in a regime similar to DNA. Three key lengths are the
charge separation distance a, the intrinsic persistence length Lp, and the
chain length L. The important relation that holds for DNA is a 	 Lp 	 L.
The model polyelectrolytes satisfy this relation. Condensation will occur
independent of L so long as this relation holds. The condensate structure,
however, can depend on Lp, as will be seen.
Simulation methods
A large body of work has been performed on bead-spring model polyelec-
trolytes (Stevens and Kremer, 1995; Stevens, 1999). Bead-spring models
are necessary to treat the slow dynamics of polymers. Atomistic simula-
tions, particularly for polyethylene, let alone DNA, cannot treat the nec-
essary time scales. Coarse-grained simulations have already demonstrated
the aggregation of multiple stiff polyelectrolytes such as single persistence
length DNA or actin (Stevens, 1999).
Molecular dynamics simulations are performed on a system composed
of M bead-spring chains with N beads. In the bead-spring model, the beads
represent some number of monomers. In the present case of charged
polymers, each bead has a single charge and thus corresponds to the set of
monomers containing a single charge. The bead is given a size by the
Lennard-Jones (LJ) potential.
ULJr  4r12 r6
 14; r rc
0; r rc
(6)
The LJ potential is cut off at rc  21/6, which yields a purely repulsive
potential. All the units will be in terms of the LJ quantities,  and .
The bond potential is the sum of two parts. The repulsive part is the LJ
potential described above. The attractive part is the standard finite exten-
sible, nonlinear elastic (FENE) potential
UFENEr1/2kR02 ln1 r2/R02, (7)
with spring constant k 7 /rad2, and maximum extent, R0 2 . The key
aspect of the FENE bond potential is that it does not allow chains to cross.
For the parameters used, the average bond length is a  1.1 .
The polymers are given an intrinsic stiffness by including a bond angle
potential,
Uangle k1  02
 k2  04, (8)
where  is the bond angle between three consecutive beads and the
equilibrium value is 0 180°. A few values of the spring constants k1 and
k2 have been used. Some values of k1 and k2 can be found in Table 2, which
lists bond angle parameter sets. When k2  0, the intrinsic persistence
length is directly proportional to k1. Defining the persistence length as the
length of n chain segments which forms an arc of 1 radian with a bond
bending energy of kBT. Then, one can derive that the intrinsic persistence
length is
Lp
k1a
kBT
(9)
For k1  20 /rad2, Lp  19 .
In these simulations, the counterions are explicitly treated. All charged
particles interact via the Coulomb potential
uijr qiqjkBT/r, (10)
where qi is the charge on particle i and the Bjerrum length in water is  
7.1 Å. Water is treated as a uniform dielectric background. For this work,
no added salt is included. For these simulations we used the particle-
particle particle-mesh algorithm to calculate the long range Coulomb
interactions (Hockney and Eastwood, 1988; Pollock and Glosli, 1996).
Some single-chain simulations used the direct sum over all pairs.
The total energy is
Utot ULJ
 Ubond
 Uangle
 UCoulomb . (11)
Two polyelectrolyte parameter sets have been studied. Following much
work on flexible polyelectrolytes (Stevens and Kremer, 1995),   3.2 
has been used. This yields a  2.5 Å, which corresponds to synthetic
polyelectrolytes such as sodium poly (styrene sulfonate). The parameters
are listed in Table 1. Parameter set 2 matches DNA values. The value of
  4.68  corresponds to a  1.7 Å. The monomer diameter d is set to
4 Å as this corresponds to a typical ionic diameter including hydration
shells. Though DNA has a radius of about 10 Å, the key quantity is the
distance of nearest approach of the monomer charge (phosphates) and the
solvent ions; this distance is typically about equal to the counterion
diameter.
The dynamics of the system is performed at constant temperature, T 
1.2, using the Langevin thermostat (Schneider and Stoll, 1985) with
damping constant equal to 1/, and time step 0.015 , where  is the LJ time
unit. The mapping of  to seconds has yet to be done for polyelectrolytes.
For neutral polystyrene,   3.1 
 108 s (Kremer and Grest, 1990).
Typically, stiffer polymers have larger . DNA is much stiffer than poly-
styrene and probably has  more than one order of magnitude larger.
In order to avoid interactions between chains, the simulations were
performed at very low chain densities, typically less than or equal to 2 

105 3. In this work, only conformations of individual molecules are the
focus. Figures will show individual conformations oriented with respect to
the radius of gyration tensor. Each molecule is oriented with major axis to
the right and the minor axis perpendicular to the page.
For most simulations the initial conformation for each molecules in the
simulation cell is created by a random walk with a stretch condition that the
next nearest neighbor distance is greater than an input value, typically 2d.
The larger the value the more extended the chain is. Highly charged
polyelectrolytes are typically significantly extended. The counterions are
placed randomly within a volume about each molecule.
RESULTS
Condensation
The first issue to be settled is whether toroidal structures
will form in these simulations. Fig. 2 shows the conforma-
tions for parameter set 1 with bond angle set 1, N 64, zc
4, k1  10 /rad2, and   1 
 104 3. Not only toroids,
but also rod structures form. The rods are more common in
this simulation as well as others to be discussed. The two
TABLE 1 Polyelectrolyte parameters
Set   d
1 2.2 2.9 2.5
2 1.5 4.2 4.0
The lengths are given in Å.
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molecules that do not self-condense have actually aggre-
gated; their conformations are strikingly similar because of
they form a bundle pair. (In all other systems, the density
was lowered to avoid pair formation.) The images are
shown at time t 6000 . The bottom toroid is fully formed
by t  1200 . The top toroid takes 5200  to form. All but
one of the rods form before the first toroid forms.
The figure shows the (condensed) counterions, which are
within 2d of any monomer. In general, for zc  4, all the
counterions condense. While the counterions are condensed,
they still move about in the volume near the polymer. In
other words, the counterions are bound to the polyelectro-
lyte, not to some monomer. As such, they do not lose all
their entropy in becoming condensed. This is very impor-
tant, as divalent counterions typically fail to yield DNA
condensation experimentally (Bloomfield, 1996). Divalent
ions have relatively weaker Coulomb interactions than tet-
ravalent ions and have more entropy costs since there are
twice as many. Entropy wins in the divalent ion case.
Simulations performed with divalent ions do not form
any condensed structures. This is not completely convinc-
ing, in that there is always the issue of whether condensation
would occur if the simulation were run longer. To treat this
issue, simulations have been performed starting with initial
conformations near the toroid structure. The initial poly-
electrolyte conformation is a spiral. The counterions are
placed on a separate spiral such that they are between
successive arcs of the polymer’s spiral. The energy of the
single conformation with counterions was calculated for
varying spiral radius and pitch. The minimum energy con-
formation was found and used as the initial state. For
parameter set 2 with bond angle set 3 and N 256, one turn
of the spiral has 40 beads and the pitch is 2 
 21/6d. This
value of the pitch yields puts the counterions and charged
monomers as close as possible without overlap of the LJ
spheres. The spiral structure should be able to evolve easily
into a toroidal structure, which is just multiple spirals that
are connected and successively surround each other.
Fig. 3 shows the conformations of the 8 polyelectrolytes
with divalent counterions after about 5 
 106 time steps
(7.4 
 104 ) starting from the spiral conformation. Clearly
the toroidal structure is not stable for the divalent system.
On average, 116 out of 128 counterions per chain condense
to within 2d of the polyelectrolytes. The polyelectrolyte
with these counterions has a net negative charge. The sim-
ulations show that this net charge results in a net repulsion
within the molecule and an extended structure. In compar-
ison with the zc  4 system, more counterions are delocal-
ized and are not screening the monomeric charges.
Whereas single polyelectrolytes with divalent counteri-
ons do not self-condense, multiple polyelectrolytes with
divalent counterions will form bundles (Stevens, 1999).
Counterions condensed to a bundle move throughout the
bundle volume. Consequently, their entropy is much larger
than the entropy of counterions condensed to a single self-
condensed polyelectrolyte. For this reason, divalent ions can
yield multiple polyelectrolyte condensation, but typically do
not yield single molecule condensation.
For the same parameter set but with tetravalent counter-
ions, toroidal structures form and are stable. Fig. 4 shows
the eight conformations. These conformations are not the
same as the initial spiral structure. Along the central axis of
FIGURE 2 Images of structures for N  64 molecules (light spheres)
with zc  4 counterions (dark spheres). Both toroids and rods appear.
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the spiral the polyelectrolyte has contracted, and the circular
turns have more than one diameter. The connection of this
structure with energetics is discussed below.
The above results demonstrate that condensation of a
polyelectrolyte is due solely to electrostatic interactions. No
additional interactions are involved in the simulations. It is
also clear that condensation can occur for a wide range of
parameters: , N, d, and Lp. The very long persistence
lengths of DNA are not a requisite. However, multivalent
ions with charge 3 or 4 are typically required (A simulation
with zc  3 does find condensation). The condensed struc-
tures that form at zc  4 will now be discussed in more
detail.
Condensed structure
It is not surprising that both toroidal and rod structures form.
For homopolymers with varying stiffness in a poor solvent,
it is known that both rod and toroidal structures form
(Noguchi and Yoshikawa, 1998). When Lp is small (small
k1), the cost of a hairpin turn is relatively small, and rod
structures are favored over toroids. As Lp increases, there is
a transition to toroids. In semiflexible polyelectrolytes, the
competition between rods and toroids depends on whether a
few sharper turns require less energy than many slight
bends, or whether the rod structure has a lower Coulomb
energy, offsetting the additional cost of the angular term.
To examine the competition between rods and toroids,
simulations similar to that of Fig. 5 were performed, but
with parameter set 2 (Table 1), longer chains N  256, and
larger Lp (k1  20 /rad2). Fig. 5 shows all eight molecules
condensed into twisted rod structures. Close examination of
the hairpin turns in Fig. 5 shows that the turns are not true
hairpins; rather, each bend is several monomers long. The
innermost turns are the sharpest and the differential bond
angle,     0, is typically 	40°. Other bends in the
structure wrap around the inner segments and consequently
are much less sharp. Thus, the angular energy in the rod’s
turns is not as expensive as might initially be expected.
There also appears to be a kinetic preference for hairpin
turns in these cases, with k1 not prohibitively large. The
structures in Fig. 5 start with the formation of single hairpin
turn, typically near the polymer end. The kinetic preference
for the hairpin is due to relatively few monomers needed in
the initial formation. When two segments of the polymer are
parallel with counterions in between them, the Coulomb
energy is significantly reduced. Once the hairpin turn has
occurred, the energy is further decreased as the position of
FIGURE 3 Equilibrated conformations of individual chains of N  256
with zc  2 counterions using parameter set 2 (Table 1) and bond angle set
3 (Table 2). The initial conformation for each chain was a spiral.
FIGURE 4 Images of toroidal structures for N  256 molecules (light
spheres) with zc  4 counterions (dark spheres) using parameter set 2
(Table 1) and bond angle set 3 (Table 2). The initial conformation for each
chain was a spiral.
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the hairpin turn progressively moves, so that the parallel
segments comprise more and more of the polyelectrolyte. In
contrast, for toroid formation a complete circle must occur
within the polymer before the Coulomb energy is lowered.
This requires a larger number of monomers to be involved
in the initial transition. The transition time is then longer for
toroids, or, equivalently, the formation rate is lower for
toroids. In the system of Fig. 5, the first hairpin turn occurs
at about t  4500 . The first complete rod structure occurs
by 6000 . It takes 33,000  for all the chains to achieve
their final rod structure.
Although rod structures have been observed for DNA
(Bloomfield, 1996; Fang and Hoh, 1999), toroids are the
typical condensate structure. Although the model system
has a large bond bending stiffness relative to the bond
length, Lp is small compared to that in DNA. For DNA the
total persistence length is 240 basepairs (Calladine and
Drew, 1997) or 480 charged monomers. For such a large
persistence length, the maximum bend per monomer is at
most a few degrees, precluding hairpins. In addition, for
DNA it is not likely that the bending potential is harmonic
at large bends. In the bead-spring model, the bond bending
corresponds not to the bending of individual bonds within a
DNA molecule, but to bending of the whole molecule.
The large angle bends can be made prohibitively expen-
sive by including a quartic term in the bond bending poten-
tial, as is given in Eq. 8. The bond angle parameters in set
3 (Table 2) yield a potential similar to that of set 2 at small
angles while making large angle bends more expensive. As
already shown in Fig. 4, the toroid structure is stable for this
parameter set. Although the hairpins appear kinetically fa-
vored in these simulations, the lowest energy state has not
been determined. Between the toroidal and hairpin struc-
tures, the energies can be compared to determine the state
with the lower energy.
To compare the energies of the toroid and rod states,
simulations with identical parameters (i.e., bond angle po-
tentials) must be performed, but for the two different con-
formations. Using the conformations in Figs. 4 and 5 as the
starting configurations enables the calculations of their re-
spective energy. In addition, the effect of increased molec-
ular stiffness on the rod structures has been investigated. As
the stiffness is increased, the toroidal structure will become
more favorable. If the polymer length is long enough, the
toroidal structure will in fact become the thermodynamic
state (Noguchi and Yoshikawa, 1998).
To change the polymer stiffness, the quartic term in the
bond angle potential (Eq. 8) is varied. As discussed above,
increasing this term reduces the likelihood of large angle
bends. Starting from parameter set 2 (Table 1) and bond
angle set 2 (Table 2) for which the hairpins formed, the
value of k2 is increased. Fig. 6 shows how specific k2 values
are chosen. The solid line is for the bond angle potential set
2. The dotted lines are for the harmonic version (k2  0)
with k1  100 and 200 /rad2. For the dotted curves there
would be no condensates at N  256, since Lp is too large;
these potentials are thus not used. By adding a quartic term
to the bond angle set 2, the large angle bends can be
progressively removed, as they would be for the large k1
potentials, whereas the small angle bends will have the same
energy. The value of k2 is chosen so that Uangle is equal to
the harmonic potential at   20°. To fit the k1  100
/rad2 line at   20°, the value of k2 must be 650 /rad4
with k1  20 /rad2. Similarly, to fit the k2  200 /rad2
FIGURE 5 Images of rod structures for N 256 molecule (light spheres)
with zc  4 counterions (dark spheres). This is system 2 in Table 3.
TABLE 2 Bond angle parameters
Set k1 (/rad2) k2 (/rad4)
1 10 0
2 20 0
3 5 200
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line, k2  1500 /rad4. These potentials should alter the
hairpin structure of Fig. 5. The simulations will determine
whether these bond angle parameters are strong enough to
cause the transition to toroids.
Table 3 gives the energies per particle for the different
starting states and different bond angle parameters. System
1 is for the toroidal structure. The potential energy for the
toroid structure is the lowest of all the structures. Compared
to the rod system of Fig. 5 (System 2), the toroidal structure
of Fig. 4 has a higher Coulomb energy but a lower bond
angle energy; the net effect is that the toroid potential
energy is lower. Table 3 gives the energies for the rod
structures as k2 increases. As k2 increases, the bond angle
potential energy decreases, which was not expected. How-
ever, this energy decrease occurs because the conformations
change. The diameter of the turns in the structure increases
such that the turns are no longer hairpins, but have a
diameter smaller than the toroid loops. The structures in
systems 3 and 4 do not evolve into toroids. Instead, they
remain elongated, but now with large loops at the ends
wider than the more compact middle sections of parallel
segments. The twisted nature of the rod disappears in sys-
tem 4.
For system 5 (Fig. 7), the final structure depends on the
initial rod structure. Some molecules become toroids; some
remain rods; some look like tennis racquets with a large
loop at one end and a rod at the other end (cf. Schurr et al.,
1999). In the starting rod structures (Fig. 5) there are two
structural subsets. One set has the molecule ends at different
rod ends and 3 middle parallel segments; the other has the
molecule ends at the same rod end and 4 middle parallel
segments. The rods with 3 segments remains rods as k2 is
increased, but the rods with 4 segments become toroids or
tennis racquets. With 4 segments, the transition to a toroid
can occur continuously by having the center open up, with
2 segments going to the left and 2 going to the right. The
rods with 3 segments cannot continuously transform into a
FIGURE 6 The bond angle potential for various parameters is shown.
The solid line and the two dotted lines are harmonic (k2 0). The solid line
represents bond angle set 2 (k1  20 /rad2), and the dotted lines are
labeled. The dashed lines have the same k1 as the solid line, and k2 is
chosen to fit the dotted lines at   20° (marked by dots).
TABLE 3 Energy comparison
System Total PE Coulomb Angle Bond LJ k1 k2
1 2.84 8.27 0.80 4.38 0.26 20 650
2 2.73 8.47 1.09 4.37 0.26 20 0
3 2.73 8.21 0.86 4.37 0.25 20 300
4 2.65 8.11 0.84 4.37 0.25 20 650
5 2.62 7.97 0.78 4.35 0.25 20 1500
Energy in units of .
FIGURE 7 Images of structures for N  256 molecules (light spheres)
with zc  4 counterions (dark spheres). This is for system 5 in Table 3,
which had Fig. 5 as its starting state.
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toroidal structure. Two segments going to the left would
leave only 1 segment going to the right and an unbalanced
situation. The 3-segment rod would first have to become an
extended chain and then recondense into a toroid. In this
case, the kinetic barrier is too high. The configurations are
shown at about t 80,000 . In a similar manner, the tennis
racquet structures occur for the 4-segment molecule, in
which the free ends have paired up and have not gone to
separate sides of the loop. This makes the rod structure more
stable; there is effectively an entanglement at the racquet
handle. Presumably if the simulation were run long enough,
these molecules would transform into a complete toroid.
Overall, the clear trend in increasing k2 for the systems
with the rod starting states is that the Coulomb energy
decreases monotonically. The bond angle energy also de-
creases, but the majority of this decrease occurs once k2 
0. The decrease in the Coulomb energy is related to the
larger separation of the charges particularly at the turns in
the rod. The toroid structure has the lowest energy of all
states, and by increasing k2 a transition to toroids does
occur. There are clear kinetic barriers associated with spe-
cific initial structures so that rod structures can be strong
metastable states.
Charge ordering of polyelectrolyte condensation
The ordering of charged monomers and counterions in-
volved in toroidal structures compared to extended, noncon-
densed polyelectrolyte structure can be seen in radial dis-
tribution functions (rdf). Fig. 8 shows both the monomer-
counterion rdf, gmc(r), and the counterion-counterion rdf,
gcc(r), for both structures. Because of the strong counterion
condensation due to tetravalent counterions, the peaks are
very large in the figure. Because the molecular condensation
process is rather slow on the simulation time scale, simula-
tions that start with extended structures easily remain ex-
tended long enough for calculation of g(r) in this state. The
rdf curves for the noncondensed state are rather structure-
less, and the only feature is due to counterion condensation.
The single, large peak at contact in gmc(r) is due to the
condensed counterions, which spend most of the time right
next to the polymer. Because there are so many counterions
on the polymer, the counterion-counterion rdf exhibits a
peak at about 5.7 , corresponding to the average separation
along the polymer between neighboring counterions. For
zc  4, all the counterions condense, yielding a counterion
for every zc monomers. The separation of charged mono-
mers is 1.1 , giving a distance of 4.4  between neighbor-
ing condensed counterions, if they were on the same side of
the polyelectrolyte. This is not a very favorable position due
to the Coulomb repulsion between counterions, and
gcc(4.4 )  0 confirms this point. If the counterions were
on opposite sides of the polyelectrolyte, then the separation
distance would be 6.2 , which is slightly larger than the
peak position. The smaller value of the peak position cor-
responds to the distribution of positions, with the most
probable being close to that of counterion on opposite sides.
For toroids (and rods), both distribution functions exhibit
structure beyond just counterion condensation. Moreover,
this structure is a result of charge ordering due to conden-
sate structure. For example, in gmc(r) for the toroids, a
second peak appears at about 7.2 . This peak is due to
counterions condensed on a neighboring loop in the toroid.
To simplify the notation, let c stand for counterion and m for
monomer. Then, the peak at 7.2  corresponds to the
sequence m-c-m-c, where the first m is the central monomer,
the first c is its condensed counterion, the second m is a
monomer of a neighboring loop, and the last c is a con-
densed counterion to this neighboring loop. The straight line
separation between the central monomer and the last coun-
terion is 3d  7.9 . The peak position is smaller than 3d,
implying that the m-c-m-c sequence tends not to be straight,
but zig-zagged, as in a triangular lattice. This more compact
structure lowers the Coulomb energy.
The gcc(r) for the toroids is the most interesting of all the
distributions. Besides the peak at 5.7 , which occurs in the
noncondensed state, there are two additional peaks. There is
now a peak at 4.4  as well as a discernable but relatively
weak peak at about 9.5 . The peak at 4.4  was noted
above to be just the separation distance between counterions
on the same side of the polymer. In the noncondensed state,
this ordering is unfavorable. In the toroid structure, this
ordering becomes favorable, because the counterion is
shared among multiple loops of the toroid. The peak at large
FIGURE 8 The monomer-counterion and the counterion-counterion ra-
dial distribution functions (rdf) for the toroid structure (Fig. 4) and for the
extended, noncondensed structure. Both systems have tetravalent counte-
rions. The solid line is the monomer-counterion rdf for the toroids; the
dot-dashed line is for the noncondensed structure. The dotted line is the
counterion-counterion rdf for the toroids; the dashed line is for the non-
condensed structure.
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r  9.5  is the correlation between counterions with two
loops in between. In the notation above, the sequence is
c-m-c-m-c. A straight arrangement would give the peak at
4d  10.5 . Again, the peak position implies that the
arrangement is more compact.
From Fig. 8, the charge-ordered sequence c-m-c-m-c is
clearly resolvable. Such charge ordering is the favored
structure by the Coulomb interactions, because the Cou-
lomb energy is lowered. Such structure can form when the
Coulomb interactions dominate entropic interactions. DNA
condensates form because these charge-ordered states are
more stable and have lower energy than extended structures
when the Coulomb interactions are sufficiently strong (i.e.,
zc 	 3).
The charge-ordered state corresponds to the collapsed
state at large  in the OCP picture. Condensation occurs
when the Coulomb interactions are strong enough to stabi-
lize charge-ordered structures such as toroids or rods. For
zc 	 3 and typical diameters, the Coulomb interactions are
strong enough for condensation. However, for zc  2,
entropy is dominant, and condensates are not stable.
CONCLUSIONS
Molecular dynamics simulations of a simple, bead-spring
model of semiflexible polyelectrolytes such as DNA have
been performed to study condensation. Starting from ex-
tended polymer conformations, condensation into toroids
and rods occurs in the molecular dynamics simulations.
Condensates form for tetravalent and trivalent counterions,
but not divalent counterions. Besides treating the charge
density of DNA, various polymer lengths, polymer stiff-
nesses, charge densities, and monomer sizes were simulated
and produced condensates. Condensation is a generic phe-
nomenon of semiflexible polyelectrolytes. Furthermore,
condensation is primarily an electrostatic phenomenon. For
condensation to occur, the Coulomb interactions must be
stronger than the entropic interactions to overcome the
entropic loss of condensation. For this reason, multivalent
ions of valence of at least 3 are typically required. When the
Coulomb interactions are strong enough to dominate the
entropic interactions, the polyelectrolyte, along with its
counterions, forms a charge-ordered structure. This struc-
ture is either a toroid or a rod, depending on the stiffness of
the polymer (assuming Lp 		 L). Toroidal structures are
favored by the large persistence lengths found in molecules
like DNA.
It is very important biologically that the condensation
mechanism is independent of the basepair sequence and,
more generally, the chemistry of DNA. Fitting DNA into
small packages must be done independent of the genetic
code it contains. Otherwise, some genetic sequences could
not exist. The mechanism described here depends solely on
electrostatic interactions of the DNA phosphates and the
counterions.
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